MEB895, UConn, Fall 2015 Prof. Xu Chen

Diophantine Equation

Coprimeness of transfer functions
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Coprimeness of transfer functions

Example:
6(z)— 2tz h
zZ"n4+ oz 14+ oy_1z+0
l.e.
pr=1
Bi=ai1 Vi>2
o, =0

o (z) and B (z) are not coprime, and S is clearly singular.
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Solution concepts of Diophantine Equation

Theorem (Diophantine equation)

Given Nz ) =1+mz ' +mz 2+ +ngz 7
a (z_l) — 14z 4+ +o,z "
B(z7Y) =Pzt +Poz 24+ Pnz "

The Diophantine equation
a(z)o(z ) +B(z)r(z ") =n(z")
can be solved uniquely for 6 (z71) and y(z1)
oz =14+01z 4+ +0, 12 "V
Y@ ) =p+nzt+ A ppaz Y

if the numerators of o (z‘l) and 3 (z‘l) are coprime and
deg(n (z_l)):q§2n—1 ]
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Solution concepts of Diophantine Equation
Proof of Diophantine equation Theorem (key ideas):

a(z)o(zh)+B(z ) y(z77) =n(z")
unknown unknown

Matching the coefficients of z~' gives
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The coprime condition assures S is invertible. degn (z_l) <2n-1
assures the proper dimension on the right hand side of the equality.
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Example
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Application: Pole placement

B,(z1
o)

R B[ e b sG] e
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Pole placement assigns the closed-loop characteristic equation:
2B, (271) Be (27) +Ap (21 AL (27) A (27)
=1+ 1712_1 + 1722_2 + -+ nqz—q

n(z1)

which is in the structure of a Diophantine equation.
Design procedure: specify the desired closed-loop dynamics n (z_l);

match coefficients of z=' on both sides to get B, (z_l) and A/C (z‘l).
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Application: Pole placement

2By () Bele )+ Ap () AL () Ag ()
= } Mz ez i+ Ngz 7

7

-~

n(z—t)

Questions:

» what are the constraints for choosing 1 (z71)?
— depends on desired performance. Refer to undergraduate
course on linear systems for concepts related to rise time, peak
time, dampling ratio, etc.

» how to guarantee a unique solution of the controller?
— addressed by solution concepts of Diophantine Eq.
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